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Abstract

We examine the effect of an emission tax when the abatement good
or service is supplied by an imperfectly competitive eco-industry with
free entry. We show that a higher tax always increases the number of
firms in the eco-industry whereas it has an ambiguous effect on indi-
vidual and total output in the eco-industry. We derive the condition
under which total abatement may actually decrease with the emission
tax. We then study the policy implications of these results in terms
of optimal tax levels.

Keywords: eco-industry, environmental tax, endogenous market structure
JEL Classifications: D62, H23, L11

1 Introduction

Over the last two decades, many firms specialized in the delivery of abate-
ment goods and services (i.e. eco-industries) have been created worldwide. In
France, for example, of the 1200 firms that constituted the environment in-
dustry in 2002, about half did not exist in the early 1990s (Grall and Cabot,
2002). In Israel, the number of companies supplying environmental goods
and services is currently estimated at around 1000, triple their number at
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the beginning of the 1990s (Kennett and Steenblik, 2005). In Canada, al-
though dampened somewhat by the growing merger activities among larger
environmental firms, the number of new firms reporting environmental rev-
enues reached 7474 in 2000, up 30% from 1996 (Industry Canada, 2002).

There is broad consensus that national and international environmen-
tal regulations have been the main stimulus for the demand side of the
environmental market and, consequently, the engine driving growth in the
eco-industry. However, only recently have economists analyzed the precise
relationship between environmental regulation and the eco-industries.

Feess and Muehlheusser (1999, 2002) were the first to introduce explicitly
an eco-industry in the analysis of environmental policies. Nevertheless, they
assumed environment firms were price-takers and thus ruled out all strategic
behaviors from this industry. David and Sinclair-Desgagné (2005) have shown
how different policy instruments - emission taxes, design standards and vol-
untary agreements - affect the market power of an oligopolistic eco-industry.
David and Sinclair-Desgagné (2005), Canton et al. (2005) and Nimubona
and Sinclair-Desgagné (2005) have examined how the optimal rate for an
emission tax deviates from the Pigovian rule when the abatement good or
service is provided by an imperfectly competitive industry. Requate (2005)
studied the best timing of policies when the eco-industry is responsible for
the R&D and sells the clean technology to polluters.

However, a significant gap remains in this literature. In all previous pa-
pers, the number of environment firms is given exogenously. In other words,
the market structure of the eco-industry is fixed. In the real world, the envi-
ronmental intervention affects the number of firms and the degree of concen-
tration in the abatement industry and we believe these effects have strong
policy implications. A stricter environmental policy, for instance, affects the
structure of demand for abatement. This in turn affects the incentives for
firms to enter the abatement market, which may modify the optimal level of
environmental protection. Our main objective is thus to examine the effects
of the environmental policy on a free-entry eco-industry.

Several articles have studied the effects of demand alterations in free-
entry oligopolies. Quirmbach (1988), Hamilton (1999), Cowan (2004), and
Okuguchi and Szidarovszky (2005), have shown that the output and price ef-
fects of demand shifts may be ambiguous and depend on the shape of demand
and marginal revenues functions. More precisely, Hamilton (1999) obtains
two main results. First, if the demand function is subject to a parallel up-
wards shift, the industry output always expands when entry occurs. Second,
when the inverse demand curve is subject to a clockwise rotation, industry
output always contracts when entry occurs. Nevertheless, while Hamilton
(1999) modeled separately the effects of a parallel shift and a rotation in de-
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mand, we show that a variation in the environmental policy actually induces
both shifts simultaneously. We thus extend Hamilton’s work to take into
account these two simultaneous effects.

We consider a simple game of entry and exit in the eco-industry, where
incumbent firms are symmetric and behave as Cournot oligopolists, while
polluting firms are price-takers. In addition to introducing free-entry, we
extend David and Sinclair-Desgagné (2005)’s framework by relaxing an as-
sumption made on the convexity of the emission function (further details on
this point are given in the paper). Last, we assume the authorities regulate
pollution through an emission tax.

We show that a tax rise induces a parallel upward shift of the inverse
demand for abatement - i.e. an increase of polluter’s willingness to buy
abatement - and a clockwise rotation of this inverse demand function - i.e. a
decrease in the price sensitivity of abatement demand (section 3.1). We then
show that the tax rise always increases the number of firms in the eco-industry
and the price for abatement, whereas individual and total output of environ-
ment firms may increase or decrease (section 3.2). Hence, a more stringent
environmental tax might actually decrease total abatement in the economy.
The fact that, within a rather common framework1, an environmental tax
might reinforce rather than offset the pollution problem dramatically calls
for attention. We derive the condition under which this perverse effect of the
tax might occur.

Given these features, we extend David and Sinclair-Desgagné (2005)’s
contribution on the optimal tax rate. We derive the conditions under which
the tax rate should be superior, inferior or equal to the marginal damage of
pollution (section 4). Our last section concludes our work (section 5).

2 Basic assumptions

Consider a representative price-taking firm selling a consumption good at a
price P . It produces an output x and a negative externality e due to air
pollution. Let v denote the constant marginal social damage of polluting
emissions. Let the polluter’s emission function be represented as e(x, a),
where a denotes abatement efforts. Following Barnett (1980), Katsoulacos
and Xepapadeas (1995) and Farzin and Kort (2001), we assume that the pol-
luter controls its emissions through end-of-pipe abatement. In other words,
e(x, a) is additively separable and can be written as e(x, a) = w(x) − ε(a).
This function is twice continuously differentiable, with w′(x) > 0, ε′(a) > 0,

1Most segments of the eco-industry are characterized by monopolistic or oligopolistic
competition with free-entry.

3



w′′(x) ≥ 0 and ε′′(a) < 0. The first two inequalities state that pollution
increases with the level of production and decreases with the level of abate-
ment efforts; according to the third relation, the last unit of output pollutes
more as total production increases; and the last inequality indicates decreas-
ing returns to abatement. Let C(x) be the polluting firm’s production cost
function, where C ′(x) > 0 and C ′′(x) ≥ 0 (decreasing returns to production).

The abatement good or service is supplied by an eco-industry with free en-
try and exit, which initially comprises m identical firms behaving as Cournot
oligopolists. An eco-industrial firm j supplying an amount aj of abatement
is characterized by a cost function G(aj)+F , where F represents setup costs.
We have that G(0) = 0, G′(aj) > 0 and G′′(aj) ≥ 0 (decreasing returns to
abatement).

The abatement demand from the polluting firm is represented by an in-
verse demand function q(a), where q is the price of the abatement service.
Its first and second derivatives are respectively denoted as qa and qaa. We
assume that the following expression is always verified:

2qa + aqaa −G′′(aj) ≤ 0 (1)

which ensures the existence and unicity of the Cournot-Nash equilibrium in
the eco-industry.

3 The impact of an emission tax

3.1 Behavior of polluting firms

In the presence of an emission tax t, the polluting firm’s profit is given by:

π(x, a) = Px− C(x)− qa− t [w(x)− ε(a)] (2)

To maximize its profit, the representative polluter sets the marginal return on
output and the marginal cost of abatement respectively equal to the marginal
cost of production and the marginal benefit of abatement, i.e.

P = C ′(xt) + tw′(xt) (3)

q = tε′(at) (4)

Straightforward comparative-statics from these first-order conditions (com-

putations are given in the appendix) yield dxt

dt
= − w′(xt)

C′′(xt)+tw′′(xt)
and dat

dt

∣∣∣
q

=

− ε′(at)
tε′′(at)

. The above assumptions thus imply that dxt

dt
< 0 and dat

dt

∣∣∣
q

> 0.
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In other words, when the tax increases, polluters’ output decreases whereas
their abatement decision increases for a given price q.

Given equation (4), the inverse demand function for abatement is

q(a, t) = tε′(a)

The slope of this inverse demand function is qa = tε′′(a) ≤ 0. Unsurprisingly,
the inverse demand function for abatement is decreasing.

We have that:

qt =
∂q(a, t)

∂t

∣∣∣∣
a

= ε′(a) > 0

That is, when the tax is increased the price q increases for a given a. In other
words, in the (a, q) graph, a tax rise induces a parallel upwards shift of the
inverse demand function (see Figure 1).

We also note that, as the tax is increased, the inverse demand function
becomes steeper, i.e. the demand for abatement becomes less price elastic.
Analytically, we have:

qat =
∂qa

∂t

∣∣∣∣
a

= ε′′(a) ≤ 0

Graphically, this implies that a tax increase generates a clockwise rotation
of the inverse demand function in the (a, q) graph. As a result:

Lemma 1. An increase in the emission tax induces some combination of
a parallel upwards shift (qt > 0) and a clockwise rotation (qat ≤ 0) of the
inverse demand curve for abatement.

Figure 1 shows the combination of both effects in the (a, q) graph.
Note that, given that for each price q the demand for abatement is in-

creased with a tax (i.e. dat

dt

∣∣∣
q

> 0), each point of the new inverse demand

curve (in bold) is located on the right of the initial demand curve, as shown
on Figure 1.

According to Hamilton (1999), these two effects on demand have opposite
consequences in an industry with free-entry. The parallel shift increases total
equilibrium output whereas the clockwise rotation has an opposite effect. The
effect of environmental taxation on the behavior of a free-entry eco-industry
is thus ambiguous and is examined in the coming section.

3.2 Behavior of eco-industrial firms

The program of a firm j in the eco-industry is written:

max
aj

Πj = q(a, t)aj −G(aj)− F (5)
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Figure 1: Impact of a tax on the abatement demand curve
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where a =
m∑

j=1

aj. A firm’s optimal output given a tax t is then given by the

following first order condition:

q(at, t) + at
jqa(a

t, t)−G′(at
j) = 0 (6)

while entry in the industry is determined by the following zero-profit condi-
tion2:

Πj = q(at, t)at
j −G(at

j)− F = 0 (7)

3.2.1 Individual output and entry decision

Standard comparative statics (computations are in the appendix) from equa-
tions (6) and (7) then yield

dat
j

dt
= − at

j(qaqat − qaaqt)

qa

(
2qa + at

jqaa −G′′(at
j)

) (8)

dm

dt
=

−qt(2qa + atqaa −G′′(at
j)) + (at − at

j)qaqat

at
jqa(2qa + at

jqaa −G′′(at
j))

(9)

From section 2, we have that qt > 0 and qat ≤ 0. Moreover, from our
assumption that 2qa + atqaa −G′′(at

j) ≤ 0 we have 2qa + at
jqaa −G′′(at

j) ≤ 0.

As a result, the sign of dm
dt

is unambiguously positive whereas the sign of
dat

j

dt
is ambiguous. That is, the number of firms in the eco-industry always

increases with a tax whereas the individual eco-industrial firm’s supply may
increase, decrease or remain constant, according to the following condition:

dat
j

dt
R 0 if and only if qaqat S qaaqt (10)

The intuition associated to condition (10) is the following. qa indicates
the steepness of the inverse demand function for abatement, which is related
to the elasticity of abatement demand and thus to the eco-industry’s market
power. The greater |qa|, the greater the eco-industry’s market power. qat

indicates on how the tax affects the eco-industry’s market power. The greater
|qat|, the more the tax amplifies the eco-industry’s market power. qt indicates
on how much the tax increases the polluters’ willingness to acquire abatement
for a given price. Last, qaa indicates on the degree of convexity/concavity
of the inverse demand function. The impact of a tax rise on the individual

2To address entry in the model, the number of firms is treated as a continuous variable
following Besley (1989), Mankiw and Whinston (1986) and Seade (1980).
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output at
j results from two effects. On the one hand, the abatement demand

for a given price q is increased which rather induces environmental firms to
increase their output3. On the other hand, the price elasticity of abatement
demand is reduced, which gives eco-industrial firms incentive to strategically
increase the price through output restriction. Moreover, the eco-industry’s
stronger market power induces the entry of new firms, which may result in a
”business-stealing effect” decreasing the individual output (see Mankiw and
Whinston, 1986). As a result, if the market power effect of the tax (left-hand
side of condition (10)) is superior to its demand effect (part of the right-
hand side of condition (10)), then the individual output decreases. Else, the
individual output increases. Note that when the inverse demand function
q(a) is linear or concave (qaa ≤ 0), the individual output always decreases
with the tax.

Figures 2 and 3 illustrate the abatement decision of a firm j in the eco-
industry. Figure 2 focuses on the case when at an equilibrium, the higher
tax induces a lower individual output and Figure 3 on the opposite case.

As shown in these figures, the output decision of a firm j is given at the
point where the firm’s marginal cost G′(aj) equals its marginal revenues4 Rm.
Note that the firm takes its decision considering the other firms’ decisions as

given (Cournot-Nash equilibrium), i.e. a = aj +
∑

i6=j

āi where āi is fixed.

3.2.2 Total output

At the aggregate level, since environment firms are identical, then at an

equilibrium we have that at = mat
j and dat

dt
= at

j
dm
dt

+ m
dat

j

dt
. From (8) and

(9), we obtain
dat

dt
= −at

jqaqat + [2qa −G′′(at
j)]qt

qa[2qa + at
jqaa −G′′(at

j)]
(11)

Given our assumptions, the denominator in (11) is always positive. Therefore,
dat

dt
R 0 according to the following expression:

dat

dt
R 0 if and only if qaqata

t
j S [G′′(at

j)− 2qa]qt (12)

In other words, total abatement at the market equilibrium may increase,
decrease or remain equal with a tax rise. The intuition for condition (12)
is similar to the one for condition (10). When the market power effect of

3The shift in demand induces an excess in demand on the abatement market which
leads to an increase in price and supply.

4Firm j’s marginal revenues are: Rmj = qaaj + q(a).
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Figure 2: Individual output of the eco-industry decreases with the tax
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Figure 3: Individual output of the eco-industry increases with the tax
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the tax is significant (left-hand side of (12)), the eco-industry strategically
restricts output in order to increase its price. When the demand effect of
the tax is preponderant (qt on the right-hand side of (12)), then the eco-
industry increases its supply in order to satisfy the demand. To sum up, the
ultimate effect of environmental taxation on the global output depends on
the specific combination of level and rotation effects of the demand function
for abatement.

Note that the price for abatement always increases at an equilibrium when
the tax increases. This can be shown graphically on Figure 4. According to
Lemme 1, a tax increase induces a rotation and a parallel shift of the inverse
demand function and each point of the new demand curve is on the right

hand of each point of the initial curve (at an equilibirum dat

dt

∣∣∣
q

> 0). The

supply curve is given by the sum of eco-industrial firm’s individual behaviour.
Note that at an equilibrium, as firms in the eco-industry are identical, each
chooses the same output. We then show easily that the supply curve goes
through the origin and is increasing. Moreover, we can show that when the
tax increases, the new supply curve still goes through the origin and has a
greater slope. Figure 4 then shows the equilibrium before and after the tax
increase. Given the shifts of the demand and supply curves, we see that the
equilibrium price necessarily increases whereas the equilibrium output may
increase or decrease.

The previous results lead to the following proposition:

Proposition 1. Following an increase of the emission tax in an economy,
the number of firms in the eco-industry always increases whereas the eco-
industry’s individual and total output may increase, decrease or remain un-
changed. In particular, total output decreases if the tax’s impact on the eco-
industry’s market power is strong compared to its impact on the polluters’
willingness to abate. The price for abatement always increases with a tax
rise.

We thus face this surprising result according to which the total level of
abatement in the economy may actually decrease with the emission tax5.
It results from the strategic behavior that an imperfectly competitive eco-
industry may adopt when facing an increase in its market power. This result

5Note that this result is independent from the fact that the number of firms in the eco-
industry is endogenous. It is due to the generalized framework of our model compared to
David and Sinclair-Desgagné (2005) where some specific assumption is made regarding the
convexity of the emission function. More precisely, David and Sinclair-Desgagné assume
that ε’(a)a is increasing in a, which is a sufficient condition for dat

dt to be always positive.
We relax this assumption.
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Figure 4: Equilibria on the abatement market
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has strong implications on the choice of the optimal taxation, as shown in
the following section.

4 Environmental taxation

Consider a benevolent regulator who chooses the emission tax in order to
maximize social welfare. The latter is defined as the sum of consumers’ sur-
plus and the polluting and eco-industries’ total profits, minus the total ex-
ternal damages imputable to the production of the final good. The regulator
then solves the following program:

max
t

W (t) =

∫ xt

0

P (u)du− C(xt)−
m∑

j=1

G(at
j)−m(t)F − v

[
w(xt)− ε

(
at

)]

At an equilibrium, all firms in the eco-industry choose the same output so
social welfare can be written as:

W =

∫ xt

0

P (u)du− C(xt)−m(t)G(
at

m(t)
)−m(t)F − v[w(xt)− ε(at)] (13)

The social welfare function can then be written as W = W [x (t) , a (t) ,m(t)]
and the optimal tax is given by the following formula (computations can be
found in the appendix):

t∗ = v

[
w’(xt)dxt

dt
− ε’(at)dat

dt

w’(xt)dxt

dt
− ε’(at)dat

dt
− at

m
ε′′(dat

dt
− at

m
dm
dt

)

]
(14)

Compared to David and Sinclair-Desgagné (2005), this formula includes two
new features. First, we now take into account the impact of the tax on the
number of firms in the eco-industry, represented by the term −at

m
dm
dt

in the
denominator. Second, we have relaxed an assumption made in David and
Sinclair-Desgagné (2005) on the convexity of the emission function (i.e. that
ε’(a)a is increasing in a). As a result, the equilibrium abatement may now
be reduced with the emission tax, i.e. dat

dt
may be negative. Consequently,

the sign of both the numerator and the denominator in (14) is ambiguous.
In order to understand more precisely formula (14), let us distinguish two
cases.

4.1 Case when dat

dt > 0

Let us first assume that, as in David and Sinclair-Desgagné (2005), ε’(a)a is
increasing in a, i.e. the emission function is not too convex in abatement.
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Note that this condition is verified for a wide range of emission functions
and, for example, for e(x, a) = kx − √La where k and L are positive real
numbers (see David and Sinclair-Desgagné, 2005). In this case, we can prove
that the emission tax always increases the level of abatement in the economy
(dat

dt
> 0).

The numerator in (14) is then unambiguously negative as w′ > 0, dxt

dt
< 0

and ε′ > 0. Moreover, given that ε′′ < 0, dm
dt

> 0 from Proposition 1 and
given our assumption on the convexity of the emission function, we can show
that the denominator in (14) is also unambiguously negative6. As a result,
the optimal emission tax is positive. Moreover, we have that:

t∗ R v if and only if
dat

dt
− at

m

dm

dt
R 0 (15)

In expression (15), we can see that two opposite effects determine whether
t∗ should be superior or inferior to v. The first effect is represented by dat

dt
.

As, in this case, dat

dt
is positive, it plays in favor of an optimal tax above v. As

in David and Sinclair-Desgagné, this effect is due to the fact that, as the eco-
industry sets its price above the marginal cost of abatement, the tax must be
set above the Pigovian rate in order to give incentives to polluters to abate at
a sufficient level. The second effect is represented by −at

m
dm
dt

and plays in favor
of a tax below the Pigovian rate. It is due to the fact that the increase in m
due to the emission tax has welfare decreasing consequences. As explained
in Tirole (1988) for instance, the number of firms in a Cournot oligopoly
with free-entry is excessive. Given that the environmental tax amplifies this
distortion, it must be set at a lower level7.

This leads us the the following proposition:

Proposition 2. When abatement is provided by an imperfectly competitive
eco-industry with free-entry and the emission function is not too convex in
abatement, then the optimal emission tax is superior to the Pigovian rate if
and only if the positive effect of the tax on abatement is strong compared to
its effect on entry in the eco-industry.

4.2 Case when dat

dt < 0

Let us now assume that dat

dt
< 0. This case occurs when the emission function

is rather convex in abatement. The sign of the numerator in (14) is now

6This is due to the fact that, when ε’(a)a is increasing in a, then (−ε′(at)−ε′′ a
t

m )dat

dt < 0.
7Note that increasing m also has welfare increasing consequences as it increases com-

petition within the eco-industry, which allows a higher abatement at the equilibrium.
However, this effect is already included in the value of dat

dt .
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ambiguous. Note that the sign of the numerator indicates on whether total
emissions increase or decrease with the emission tax8. On the other hand, we
show that in this case, the sign of the denominator is always negative (see
Appendix D for a proof). Two main cases may then be derived.

If the numerator in (14) is negative, i.e. total emissions decrease with the
tax, we obtain that the optimal tax is positive but inferior to the Pigovian
rate: 0 < t∗ < v. This is due to the fact that the expression in condition
(15) is now always negative as dat

dt
is negative. The emission tax now has two

negative effects: the reduction of abatement and eco-industrial firms’ entry.
It is therefore always inferior to the Pigovian rate. However, the tax has one
positive effect (which explains why the optimal tax rate is positive) through
the reduction of total emissions due to the reduction of polluters’ output.

If the numerator in (14) is positive, it implies that increasing the environ-
mental tax increases total emissions. In this case, the emission tax has the
opposite effect of what is excepted. Thus, the optimal emission tax is un-
surprisingly negative: t∗ < 0, which is equivalent to a subsidy. A subsidy on
polluting emissions is obviously not a realistic environmental policy. We thus
assume that in this case, the tax is not the appropriate policy instrument and
should not be implemented (t = 0).

This leads us to our last proposition:

Proposition 3. When abatement is provided by an imperfectly competitive
eco-industry with free-entry and the emission function is rather convex in
abatement, then the optimal emission tax is either inferior to the Pigovian
rate if total emissions decrease with the tax or equal to zero if total emissions
increase with the tax.

The fact that total emissions may increase with the tax is due to the
increased market power of the eco-industry when the tax increases, which in
turn increases the price for abatement and may result in a lower equilibrium
abatement. This strong result demonstrates that, under certain conditions
when an oligopolistic eco-industry provides the abatement good or service,
an emission tax may become totally inappropriate to reduce pollution.

5 Concluding remarks

According to common wisdom, the society should benefit from higher emis-
sion taxes that put pressure on polluters. As suppliers of abatement goods

8Total emissions vary due to two effects: the variation of the polluters’ output, which
always decreases with the tax; the variation of abatement, which in this case decreases
with the tax.
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and services increase accordingly, the eco-industry would become more com-
petitive which would lead to lower abatement costs. The actual outcome,
however, depends crucially on the behavior of the eco-industry which, over
the past decades, has considerably developed.

In this paper, we study the effect of a change in emission tax on the supply
of abatement goods and services and on the number of eco-industrial firms.
First, we highlight the fact that a variation in the environmental tax not
only shifts the demand function for abatement up or down but also affects
its slope. We then show that a more stringent environmental tax induces
entry in the eco-industry. The total abatement in the economy may however
be reduced with the emission tax when the tax strongly amplifies the eco-
industry’s market power. In this case, the environmental tax may have the
opposite effect from what expected by actually increasing the pollution level.
We derive the optimal emission tax rates according to the different cases.

Our analysis left out some technical aspects. As is common in the liter-
ature (see Besley (1989), Mankiw and Whinston (1986) and Seade (1980)),
our derivations ignored the fact that the number of firms in the eco-industry
must be an integer number. Also, we restricted to marginal analysis our study
of the impact of environmental tax on the eco-industry. However, environ-
mental taxes can be changed in a discrete way as the underlying variation
of the number of firms in the eco-industry. It would thus be interesting to
study the effects of non-marginal variations in environmental taxes. In this
perspective, an approach based on lattice-theoretic methods - as developed
by Topkis (1978, 1979), Vives (1990), Milgrom and Roberts (1990) among
others - would be appropriate.

Last, the impact of environmental taxation within more realistic eco-
industry structures remains to be explored. It would be interesting to in-
troduce some asymmetry between entering firms that have to pay a fixed
cost which is already sunk for incumbents. The case where entry leads to
mergers - with the incumbents buying the entrants or vice-versa - also seems
to characterize many segments of the eco-industry.

6 Appendix

A. Comparative-statics analysis for the polluting industry

Differentiating equations (3) and (4) with respect to t yields:

{ −C”(xt)dxt

dt
− tw”(xt)dxt

dt
= w’(xt),

−tε”(at) dat

dt

∣∣∣
q

= ε’(at).
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Solving this set of equations by Cramer’s rule gives us the following re-
sults: 




dxt

dt
= − w’(xt)

C”(xt)+tw”(xt)
,

dat

dt

∣∣∣
q

= − ε’(at)
tε”(at)

.

B. Comparative-statics analysis for the eco-industry

Differentiating equations (6) and (7) with respect to the level of taxation t
yields:





qt + qa

(
m

dat
j

dt
+ at

j
dm
dt

)
+ at

jqat + qa
dat

j

dt
+ at

jqaa

(
m

dat
j

dt
+ at

j
dm
dt

)
−G”(at

j)
dat

j

dt
= 0,

q(at, t)
dat

j

dt
+ at

jqt + at
jqa

(
m

dat
j

dt
+ at

j
dm
dt

)
−G’(at

j)
dat

j

dt
= 0.

This is also equivalent to





[
(m + 1) qa + mat

jqaa −G”(at
j)

] dat
j

dt
+

[
at

jqa +
(
at

j

)2
qaa

]
dm
dt

= − (
qt + at

jqat

)
,

[
q(at, t) + mat

jqa −G’(at
j)

] dat
j

dt
+

(
at

j

)2
qa

dm
dt

= −at
jqt.

Using Cramer’s rule, we obtain the following equations:





dat
j

dt
= − at

j(qaqat−qaaqt)

qa(2qa+at
jqaa−G”(at

j))
,

dm
dt

=
−qt(2qa+atqaa−G′′(at

j))+(at−at
j)qaqat

at
jqa(2qa+at

jqaa−G′′(at
j))

.

C. The optimal pollution tax

Total differentiation of W (t) with respect to t yields:

dW

dt
=

∂W

∂x

dxt

dt
+

∂W

∂a

dat

dt
+

∂W

∂m

dm

dt
= 0,

where
∂W

∂x

dxt

dt
=

[
P (xt)− C ’(xt)− vw’(xt)

] dxt

dt
,

∂W

∂a

dat

dt
=

[
−G’

(
at

m(t)

)
+ vε’(at)

]
dat

dt
,

and
∂W

∂m

dm

dt
=

[
−G

(
at

m(t)

)
+

at

m(t)
G’(

at

m(t)
)− F

]
dm

dt
.
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Thus,

dW

dt
=

[
P (xt)− C ’(xt)

] dxt

dt
−G’

(
at

m(t)

)
dat

dt
−G

(
at

m(t)

)
dm

dt
− F

dm

dt

+
at

m(t)
G’

(
at

m(t)

)
dm

dt
− v

[
w’(xt)

dxt

dt
− ε’(at)

dat

dt

]
= 0. (C-1)

Substituting (3) and (6) into (C-1) yields:

tw’(xt)
dxt

dt
−

[
q(at) +

at

m(t)
qa(a

t)

]
dat

dt
−G(at

j)
dm

dt
− F

dm

dt
+

at

m(t)

[
q(at) +

at

m(t)
qa(a

t)

]
dm

dt

= v

[
w’(x)

dxt

dt
− ε’(at)

dat

dt

]

After some computations, we have

tw’(xt)
dxt

dt
− q(at)

dat

dt
− at

m(t)
qa(a

t)
dat

dt
−G(at

j)
dm

dt
− F

dm

dt
+

at

m(t)
q(at)

dm

dt
+

(at)
2

m2(t)
qa(a

t)
dm

dt

= v

[
w’(xt)

dxt

dt
− ε’(at)

dat

dt

]
(C-2)

Substituting (4) and (7) into (C-2), we then get:

tw’(xt)
dxt

dt
− tε’(at)

dat

dt
− at

m(t)
qa(a

t)
dat

dt
+

ta2ε”(at)

m2(t)

dm

dt

= v

[
w’(xt)

dxt

dt
− ε’(at)

dat

dt

]
(C-3)

Given that qa = tε′′(at), solving equation (C-3) with respect to t yields ex-
pression (14).
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D. Demonstration that the denominator in (14) is negative when
dat

dt
< 0

When dat

dt
< 0, we necessarily have that ε’(a)a is not increasing in a, for any

a. In other words, we have that:

−ε′(
at

m
)− ε′′

at

m
≥ 0 (16)

Given that at > at

m
, that −ε′(a) < 0 for any a and that ε′(a) is decreasing in

a, equation (16) implies that:

−ε′(at)− ε′′
at

m
≥ 0

which is equivalent to:

−ε′(at)
dat

dt
− ε′′

at

m

dat

dt
≤ 0

As a result, given that w′(xt) > 0, dxt

dt
< 0 and dmt

dt
> 0, the denominator

in (14) is always negative when dat

dt
< 0.
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